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Abstract. We show the existence of a smooth spherical surface minimizing the 
Willmore functional subject to an area constraint in a compact Riemannian three- 
manifold, provided the area is small enough. Moreover, we classify complete surfaces 
of Willmore type with positive mean curvature in Riemannian three-manifolds. 

1 Introduction 

For a three-dimensional complete Riemannian manifold (M, g) and an immersion / : E 
M the Willmore functional is defined by 



W(/) = i / H 2 d^ 



where H is the induced mean curvature and /i the induced area measure. In the following 

o 

we let A resp. A be the second fundamental form resp. the trace-free second fundamental 
form of the immersion /. Critical points of W are called Willmore surfaces and they are 
solutions of the Euler-Lagrange equation 

AH + H\A\ 2 +HBic(v, v) = 0, 

where Ric denotes the Ricci curvature of (M, g) and v is the normal vector to E in M. 

In the literature other possible definitions of the Willmore functional for immersions in a 
Riemannian manifold were considered, for example: 

[ \A\ 2 dfi, [ |i| 2 d/i, or f(H 2 + K M )d^. 

Here n M denotes the sectional curvature of M . In a curved ambient manifold the Gauss 
equation and the Gauss-Bonnet Theorem yield 

W(E) = \J \A\ 2 dfi + G(u, v) dfi + 2tt(1 - 9(E)) 

where <?(E) is the genus of E, G = Ric— ^Scg is the Einstein tensor, Ric denotes the 
Ricci curvature and Sc the scalar curvature of (M, g). Hence, the functionals above differ 
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by lower order terms involving the curvature of (M, g). In particular, if (M, g) = (R 3 ,<5) 
the only difference is a multiple of 

In this paper we are interested in surfaces of Willmore type, i.e. critical points of W subject 
to an area constraint. These surfaces are solutions of the Euler-Lagrange equation 

AH + H\A\ 2 + HEic{v, v) + \H = 0, 

with the Lagrange parameter A. In [9] we studied spherical surfaces of Willmore type 
with positive mean curvature in small geodesic balls. Assuming a certain lower bound on 
the Lagrange parameter, we showed that such surfaces can only concentrate at critical 
points of the scalar curvature of M. This paper establishes the existence of minimizers of 
W with fixed small area and verifies that the minimizers satisfy the assumptions of [9]. 
Our main result is as follows: 

Theorem 1.1. Let [M,g) be a compact, closed Riemannian manifold. Then there exists 
a constant a$ > such that for all a G (0, do) there is a smooth spherical surface S a 
of positive mean curvature that minimizes the Willmore functional among all immersed 
surfaces with area a. 

For any sequence ai —> there is a subsequence ay such that S a , is asymptotic to a 
geodesic sphere centered at a point p E M where Sc attains its maximum. 

The existence of a W 2,2 C\W 1 '°° conformal immersion minimizing W with prescribed small 
area was recently and independently obtained by Chen and Li [2] . 

Kuwert and Schatzle [8] constructed smooth minimizers in a conformal class of the Will- 
more functional in R 3 . Existence was recently generalized to arbitrary co-dimension by 
Kuwert and Li [6] in the class W 2 - 2 R W 1 ' 00 and by Riviere [14] who also showed smooth- 
ness using his previous results from [13]. 

The existence of a smooth minimizer of the Willmore functional in M™ with prescribed 
genus was first proved by Simon [16] under a Douglas-type condition, which was estab- 
lished by Bauer and Kuwert [1] (see also [14] for a new proof of this result). Recently, 
Schygulla [15] suitably modified the arguments of Simon in order to prove the existence 
of a minimizing Willmore sphere in R 3 with prescribed isoperimetric ratio. 

Under suitable curvature assumptions, Kuwert, Mondino, and Schygulla [7] recently 
showed the existence of smooth spherical minimizers of the functionals J E \A\ 2 d/z and 
J s (l -I- \H\ 2 )d/i in Riemannian manifolds. The role of the curvature assumptions is to 
ensure a uniform bound on the area of surfaces in a minimizing sequence. 

Some other existence and non-existence results of critical points of W by Mondino can 
be found in [11, 12]. 

Previously, in a joint work with F. Schulze [10], we proved the existence of a foliation 
of the end of an asymptotically fiat manifold with positive mass by spherical surfaces of 
Willmore type. For the existence result we studied perturbed geodesic spheres and we 
used the implicit function theorem to find suitable deformations of these spheres. 

In this paper we use the direct method of the calculus of variations in order to construct 
the minimizer of W. A major difficulty is the invariance of W under diffcomorphisms. 
We overcome this problem by showing that spherical surfaces with small enough area 
have small diameter since the Willmore energy is a priori close to 87r. Hence the surface 
is contained in a small geodesic ball around a point p E M where the metric g is a small 
perturbation of the Euclidean metric. Thus we can apply a result of De Lellis and Miiller 
[3, 4] which gives the existence of a W 2 ' 2 nW 1 '°° conformal parametrization F : S 2 — >• £ C 
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M 3 of S. Therefore, instead of studying minimizing sequences of immersions : — >■ M 
of W, we consider minimizing sequences of parametrizations Fk G W/ 2 < 2 fl W 1,0O (S 2 ,]R 3 ). 
Within this class we are able to show the existence of a minimizcr of W. 

In order to show the higher regularity of the minimizer in W 2,2 f]W 1,00 we suitably modify 
the arguments of [7] and [15]. In our situation their arguments heavily simplify since the 
smallness of the area rules out bad points for the minimizing sequence and we can use 
the fact that there exists a limiting parametrization. 

As a last step we show that the minimizers we construct satisfy the assumptions of the 
main result in [9] and hence we conclude that the minimizing surfaces have to concentrate 
around a maximal point of the scalar curvature of M as the area tends to zero. 

In the following we give a brief outline of the paper. In section 2 we review manifolds with 
bounded geometry and show that the diameter estimates of [16] extend to these ambient 
manifolds. Moreover we show that by a scaling argument one can adjust the area of a 
surface without changing the Willmore energy too much. This fact will be crucial in the 
proof of the smoothness of the minimizcr of W with prescribed area. 

In section 3 we study the Willmore functional for immersions F G W 2 ' 2 n W 1 ' co (S 2 ,M 3 ) 
and we show the lower semi-continuity and the differentiability of the functional. 

In section 4 we construct the smooth minimizcr and hence prove the existence part of 
Theorem 1.1 using the methods described above. 

In section 5 we prove an integral estimate and and estimate for the Lagrange parameter 
of the minimizer. These estimates then allow us to apply the results of [9]. 

In the appendix we derive a variant of the stability inequality of minimal surfaces for 
surfaces of Willmore type with positive mean curvature. Using the methods of [5] we are 
then able to classify complete surfaces of Willmore type with positive mean curvature in 
Riemannian manifolds. As a corollary we obtain that the only complete surfaces of this 
type in R 3 arc round spheres. 

2 Preliminaries 

2.1 Manifolds with bounded geometry 

In this section we recall some basic properties of manifolds with bounded geometry. The 
main point is that such manifolds have uniformly controlled normal coordinates. 

Definition 2.1. Let (M,g) be a complete Riemannian manifold. We say that (M,g) has 
bounded geometry, if there exists a constant < Cb < oo such that for each p e M we 
have inj(M, g,p) > Cg 1 and if the Riemann tensor and its first derivative are bounded 
|Rm| + |VRm| < C B . 

In the following we use B r to denote a Euclidean ball centered at the origin of radius r 
and B r (p) C M to denote a geodesic ball of radius r centered at p £ M. 

Remark 2.2. If (M, g) has bounded geometry with constant Cb, then there exist constants 
ho < oo and p > 0, depending only on C B , such that for every p e M, we can introduce 
normal coordinates cj> : B po — > B po (p) for the metric g such that in these coordinates the 
metric g satisfies 

g = g E + h, 
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with 

sup(|x|- 2 |/i| + M- 1 !^! + \d 2 h\) < h Q . 

Here g E denotes the Euclidean metric induced by the normal coordinates, |x| denotes the 
Euclidean distance to p and d the connection of g E . 

If (M,g) is compact or asymptotically flat, then it is of bounded geometry for some 
constant Cb- 

2.2 Area, diameter and the Willmore energy 

To proceed, we need a generalization of Lemma 1.1 from [16] to general ambient manifolds. 
Although this is straight forward, we present the proof here to show where the non-flat 
ambient geometry has to be taken into account. For ease of presentation, we split this 
into three separate statements. 

Lemma 2.3 (cf. [9, Lemma 2.2]). Let g — g E + h on B po be given, such that 

SVL V (\ X \- 2 \h\ + Ix^ldhl) < h Q . 

Then there exists a purely numerical constant c > such that if p\ := min{/9 , cv 7^ }? 
then for all surfaces ScB r with r e (0, p\) we have that 

|E| < r 2 W(S). 

The following proposition is very similar to the calculations in [16, Section 1]. We add 
only minor modifications in order to deal with the non-flat background. 

Proposition 2.4. Let g = g E + h on B po be given, such that 
sn V {\x\- 2 \h\ + \x\- 1 \dh\)<h G . 

Then there exists a purely numerical constant c, such that for every smooth surface £ C 
B po with dT, C dB po and £ S we have that 

it < c((l + h r 2 )r- 2 \T, r \ + W(S r )) 

for all r < p. Here S r := S (~1 B r . 

Proof. In B po consider the position vector field x. We denote by c a constant that is 
purely numerical, but which may change from line to line. For all surfaces S as in the 
statement we have 

divs x — 2| < c/i |a;| 2 

in view of the assumption on h. Furthermore, we calculate that in B po 

A\ I X 

dm = — . 

\x\ 

In particular, away from the origin, we have 

div s (|a;|- 2 a;) = \x\~ 2 div^ x - 2\x\- 3 d\x\{x T ). 
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Thus 

divv(\x\~ 2 x) - 2|a;r 4 |a; ± | 2 | < ch . (2.1) 
where x^ denotes the projection of x onto the normal bundle of E. 

Choose < s < r < p such that E intersects dB r and dB s transversely (note that the set 
of radii satisfying this condition is dense in (0,p)). Let 

E s ,r := SH (B r \ B s ) 

and integrate equation (2.1) on E SiT . to obtain 



f div s (\x\- 2 x)dp- f 2\x\- 4 \x ± \ 2 dp 



5js ,r 

Using Stokes, we infer that 
divE(|a;| _2 a;) d/z 



<c/i |E s , r |. (2-2) 



r r r (2 - 3) 

= / H\x\ 2 {x,v)dp- I \x\ 2 {x,rj)da+ / \x\ 2 {x,T])da. 

Here ^ is the normal vector of E and 77 denotes the co-normal of <9.B S n E and dB r n E in 
E respectively. We chose the orientation so that r\ points in direction of Vr. To proceed, 
we note that 

/ \x\~ 2 (x,rj)da = (T~ 2 I (x, rj)da = o~ 2 I divs x T da, 
so that 



[ \x\- 2 (x,ri)d<T - 2<j- 2 \Y, a \ +<r- 2 [ H{x^,v) 



d/i 



<ch \^\. (2.4) 



Furthermore 



f \x\- A \x^\ 2 -\H\x\~ 2 {x,v)dp = f \\x\- 2 x ± - \His\ 2 - ±H 2 dp. (2.5) 
Inserting (2.3)-(2.5) into (2.2), we infer that 

j \\x\- 2 x^ -\Hu\ 2 dp-\s- 2 j H(x,v)dp + s- 2 \Z s \ 

< r- 2 |E r | + ±W(E s , r ) - \r- 2 J H(x, u) dp, + ch \T, r \. 

Since E is smooth at the origin, we can let s — > and drop the square term on the left to 
obtain 

7T < r~ 2 |E r | + ±W(E r ) - \r- 2 [ H{x, v) dp + ch \Z r \. 

Using Cauchy-Schwarz on the third term and recalling that r < p we infer the estimate 

7r<c((l + /i r>- 2 |E r | + W(E r )) (2.6) 

for a purely numerical constant c. Since the values of r for which (2.6) holds are dense in 
(0, po] we arrive at the claimed estimate by approximation. □ 



5 



The next lemma shows that the diameter of a surface E contained in a Riemannian 
manifold [M, g) is bounded in terms of its area and its Willmore energy. We define 

diam(E) := m&x{d {Mtg) (p, q) : p,q G E} 

to be the extrinsic diameter of E. Here d(M, s ) (Pi 9) denotes the geodesic distance of p and 
q in the ambient manifold M. 

Lemma 2.5. Let (M,g) be a manifold with Cs-bounded geometry. Then there exists a 
constant C depending only on Cb such that for all smooth connected surfaces E we have 

diam(E) < C(|£| 1/2 W(£) 1/2 + |E|) 



Proof. Let ho and po be as in remark 2.2. Choose p, q e E such that := d(M, g )(p, q) = 
diam(E). Assume for now that r £ (0, |) is chosen such that r < po- 

Let be the largest integer smaller than d/r and let po — p. For j = 1, . . . , N — 1 we 
choose pj e E at distance (j + \)r to po, which is possible since E is connected. Then the 
geodesic balls B r / 2 (pj) are pairwise disjoint for j = 0, . . . , N — 1. Using proposition 2.4 
with pj as center and summing over j yields 

A7r<c(W(E) + (l + /^ 2 K 2 |E|). (2.7) 

With this in mind, we let 



r := min < pi/2, \ 



W(E) J ' 

where p\ — min{p , c ^j^ } 1S sucn tnat lemma 2.3 applies with p and /i as above. 

We have to check that r < d/2. Assume for the contrary that d/2 < r. Then in particular 
d < pi and lemma 2.3 implies that 



< d < 2r < 



V W(E) " " " 2y W(S)' 
a contradiction. Hence r < d/2 and thus N > ^. Revisiting (2.7) thus yields 

d < c(rW(E) + (1 + fcor 2 )r _1 |S|) 
and since 



we find that 



d < c(l + r 2 /io)V|S|W(E)+c/ Pl |E| 



< c(l + r 2 / lo ) v /|S|W(E)+ C (po 1 + v^)|S|. 
This yields the claimed estimate. □ 
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2.3 Area adjustment by scaling 

Lemma 2.6. Let (M,g) be a manifold with CB-bounded geometry. Then there exists p\ > 
with the following property. Let r £ (0, pi), p £ M, and let x be the position vector field 
with respect to geodesic normal coordinates in B r (p). Denote by $ : B r / 4 (p) x (— oo,2) — > 
B r (p) the flow associated to x. Then for every a £ M and E C B r /^(p) with E| £ (|, 4^) 
tftere exists i £ R wfA |$t (E)| = a and \t \ < 2 l|s ^ a| . 

Proof. Let p and ho as in Remark 2.2. We choose p\ £ (0, po) such that 
|Vjc - Id | < \ 

on B Pl (p) for all p £ M. Note that then p\ depends only on Cb- 

Let r £ (0, pi) and E' C B r (p) be an arbitrary surface with |E'| > a/2. Then we calculate 
that 



d_ 
~dt 



|E'|= f H{x,v)dp = [ diwxdp > |E'| 
;=0 is' 



a 

> -. 
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If we consider E as in the statement of the lemma, we can apply this estimate to E t = 
<J>t(E) as long as E t £ B r (p) and |E 4 | £ (|, ^). In particular the area of E t is a continuous 
and strictly increasing function of t. In addition we have that 

|E t +|>a for t+ := max{0,2^i}, and 
|E t -|<a for f := min{0,2l^}. 

This yields the claim. □ 

Lemma 2.7. Let (M,g) be a manifold with CB-bounded geometry and let p\, be as in 
Lemma 2.6. There exists a constant C depending only on Cb with the following property. 
Let r £ (0,pi) and let E C B r / 2 (p)- Then 



d_ 

dt 



1 /2 

/ \A t \ 2 dp t < C|E| 1/2 ( [ H 2 dp\ +Cr f \A\ 2 dp + C(l + r)\Z\. 



Here we use the notation of Lemma 2.6, so that E t = $ t (E), A t denotes the second 
fundamental form of E t and dpt its induced measure. 

Proof. We use the Gauss equation to write 

[ \A\ 2 dp= [ H 2 dp-2 [ G{v, v) dp - 4tt(1 - 5 (E)) 

Js JT, JT, 

where (/(E) is the genus of E and G{v, v) = Ric — \ Scg. Therefore we have 

f \A t \ 2 dp t = 25 (x ,„ > W(£) - <y (x ,„>v(s) 
=0 Jv t 



d_ 

It 



where 



V(E) = 2 J G(u,v) dp. 
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We estimate the variations of W and V separately. We have that 

| - Id | < C\x\ 2 and |V 2 x|<0 (2.8) 
where C is a constant depending only on Cb- 

Consider the function (i,^)onE. A calculation shows that with respect to an adapted 
ON- Frame {ei, e2, es = v}, we have 

A(x, v) = (V ei , ei ar, - H(V v x, v) + 2(V 6l x, e fc )A ifc 
- (x,v)\A\ 2 + (x,e k )V l A lk 
= H — (x, v)\A\ 2 + (x, e k )V ek H + 0(1) + 0(r) * A. 

In the last equality we used the Codazzi equation to rewrite div A = VH + Ric(v, •) 
together with the fact that x = 0(r). In addition we used (2.8) and use the notation 
0(1) for terms which are bounded by a constant O and O(r) * A for terms bounded by 
Or |^4|. Here as ususal O depends only on Cb- 

We calculate the variation of the Willmore functional with respect to scaling: 

S {x>v) W = J (x,u)(AH + H\A\ 2 +ffRic(i^))d M 

= J HA{x,v) + {x,v)H\A\ 2 + {x,v)HRic(v,v)&n (2.9) 

= / H 2 - \H*(x,v) + HV k H{x,e k ) + H(0(l) + 0(r) * A) d M . 
Je 

Integrate by parts the third term on the right to calculate further 

f HV k H{x,e k )dn = f ±\7 k (H 2 )(x,e k )d[i = -\ f H 2 V k (x,e k )d^ 
= -\j H 2 div s x - H z {x,v) dfi. 
Inserting this into equation (2.9) and taking into account (2.8) yields that 

6 {XiV) W = J H (0(1) + 0(r) * A) dfi. 
This can be estimated as follows: 

1/2 



XtV) W\ < C^/ 2 H 2 d^j + Or ^ \A\ 2 dfi. 
We proceed with the variation of V(S). From [10, (75)] we obtain that 

±5 <X;I/) V(£) = / {x,v)( M S/uG{y,v)+HG{y,v))-2G{y,V{{x,v)))d^. 
Straight forward estimates show that 

|<W>V(£)| < 0(1 + r)|£| + Cr\^ 2 [J \A\ 2 dp 



1/2 



This implies the claim. □ 
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Lemma 2.8. Let (M,g) be a manifold with Cs-bounded geometry and let p\, be as in 
Lemma 2.6. For every constant C'o there exists a constant C\ with the following properties. 
If r e (0,pi), a e (0,Cor 2 ) and E C B r /i{p) with E| £ (§, 4f) then there exists a surface 
E' C B r (p) with |E'| = a 



J \A\ 2 dp - J \A\ 2 dpi < Cir^L^ (l + £ \A 



dp, 



Proof. Let E be as in the statement. Using Lemma 2.6 we can find E' C B r (p) with 
E'| = a in the form E' = $ to (E), where $t is as in Lemma 2.6. In addition, we have that 
M < 2l£h»l < 2. 

To analyze the amount the second fundamental form has changed, we assume for defi- 
niteness that t > 0. From Lemma 2.7 we find that for all E t = 3>t(E) with t € [0,to] we 
have that 

^(l + JjA t \^p t )<Cr{l + JjA t \^p t 

where the constant C only depends on Cb, Co and p\. In particular, we used that the area 
of all E t is bounded by -^-r 2 < ^=^p\r. Integrating this ordinary differential inequality 
on [0,fo] an d using the fact that |to| < 2 is a priori bounded, we arrive at the claimed 
estimate. □ 



3 Analytical aspects of the Willmore functional 

In this section we consider the Willmore functional in the space of parametrizations which 
are in a subset of W 2 ' 2 (S 2 ,R 3 ) n VK^°°(5 2 ,R 3 ). We assume that M 3 is equipped with 
a smooth metric g of which we assume that with respect to standard coordinates all 
components and derivatives up to second order thereof are bounded. When we refer to 
coordinates on R 3 we use Greek indices, and when referring to coordinates on S 2 we use 
Latin indices. 

We define the space 

B:={Fe VK 2 < 2 (S 2 ,R 3 ) nW hoo (S 2 ,R 3 ) \g,g* £ L°°(S 2 ) n W^ 2 {S 2 )} 

where we denote by g the pull-back metric F*g on S 2 and by g# its inverse. The function 
spaces and all tensor norms are defined with respect to the standard metric on the sphere 
and the standard metric g E on M 3 . 

3.1 Definition of the Willmore functional 

First we establish that the Willmore functional 

W{F) = \( H 2 d» 
1 Jf(s 2 ) 

is well defined for F E B. Denote by hij the second fundamental form of F(S 2 ), by f the 
Christoffel symbols of g and by T the Christoffel symbols of the ambient metric g. The 
Wcingarten equation gives 

F° = -hijv" + T*FZ - T^FfFj. (3.1) 
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Here we use the shorthand notation 

Q F a Q2pa 

and Ft 



dx l 13 dx l dxi 

In fact we can take equation (3.1) as the definition of the second fundamental form. Note 
that since g,g# e M /1:2 (S' 2 ) we have that f e L 2 (S 2 ) so that the second fundamental 
form is in L 2 (S 2 ). Taking the trace of (3.1) gives 

H = -(g ij F* + o F)FfFj)(g aS o F)v s . (3.2) 

In particular, we can write the Willmore functional as 

W{F) = \j s , + ° F ^ F i^ ° F > S ] 2 VW\dx (3.3) 

where \g\ — det(g) and da; denotes the standard volume element on S 2 . Clearly W is 
continuous on B where we equip B with the topology induced by convergence of F in 
W 2 < 2 {S 2 ,M 3 )nW 1 <°°{S 2 ,m?) and g and g* in W^CiL 00 . 

3.2 Lower semi-continuity 

In this section we show lower semi-continuity of W in B with respect to weak convergence. 

Proposition 3.1. Assume that F k ,F e B are parametrizations of surfaces T, k and £ and 
that g is a smooth metric on R 3 such that all coefficients of g with respect to standard 
coordinates on M 3 and all their derivatives are bounded. If 

iF k -^F weakly m W 2 < 2 (S 2 ,R 3 , g E ) and 
[F k ^F weakly-* m W 1 ^^ 2 ,R 3 , g E ), 

then 

W(F) < liminfW(F fe ). 

k— >oo 

Proof. Let (g~k)ij '■— ^r) be the coefficients of the induced metric on pulled 

back to 5 2 , \g k \ = det(gk)ij, and v k the normal of T, k with respect to g. The above 
convergence (3.4) implies that for any 1 < q < 00 we have 

(g~k)ij ->■ fjij in L q (S 2 ), (g k )ij A Sij in L°°(S 2 ), 

(g k yi -> gV in L«(S 2 ), {g k T — 1 5 y in £°°(S 2 ), 

i/fc -> 1/ in ^(S 2 ), 1/ in L°°(5 2 ) , 

|g fc |->|.g|in^(S 2 ), \g k \ ^ \g\ in L°° (S 2 ). 
From equation (3.3) we find that 

W(Fk) = \ (tt {{Fk)% + T% o F k (F k )?(F k )]) (g o F fc ) Q ^f )* ^dx. 

We split this expression into two parts 
W(Fk) = m(F k )+W 2 (F k ) 
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with 



and 



m(F k ) = \ J (2g<*{F k )%{g a p o F k )^gf(T% o F k ){F k ) e a (F k %(g Sp o F fc K 
+ (ff«r| 7 o F fc (F fc )f (F fc )7(ff aj8 o F fe )^) 2 ) 

By the Sobolev embedding and smoothness of g it follows that g a p o F^ converges in 
L°°(S 2 ) to g Q) g o F and that o F k converges in L°°(S 2 ) to o F. In view of the 
convergence (3.5) it thus follows that W2 is continuous with respect to the convergence 
in (3.4): 

W 2 (F fe ) -> W 2 (F) for fc -> 00. 
To analyze Wi(Ffc) we let <f> be the integrand in the definition of W\{F k ): 



Wi(F fc ) = \ [ <t>(g k j , {g afs o F fe ), i/ fc , (F fe )£) dx. 

1 J s 2 



Then is smooth with respect to all variables, (p > 0, and (f> is convex with respect to 
the last set of variables {F k )f- as it is the concatenation of the following three maps: The 
linear (in (F fc )^) map 



(g%, (g a p o F k ), v k , VWl (F k )fj) ^ g^{F k )%{g a p o F k )u 



k ' 

the convex map £ i-> £ 2 for £ e M and the linear multiplication by y^fel- Lower semi- 
continuity then follows as in the proof of [17, Theorem 1.6]. 

□ 

3.3 Differentiability 

Given a map F 6 B and a smooth vector field X 6 <Y(R 3 ) we have that X o F is in 
W 2 - 2 nW 1 '°°(S 2 ,R 3 ,g E ). Furthermore, for small enough e > the map F t := F+t(XoF) 
is in B for all t € (— e, e) since the inverse of the metric gt induced by F t is a smooth 
function of g t . 

We can thus calculate the variation of W in direction of X 



S X W(F) = | 



W(F). 

t=o 



A fairly long but standard calculation shows that W is indeed differentiable and that its 
variation in direction X is given by 

SxW(F) = ( -Hg^g{V 2 Fi F X, v) - 2Hg ik g^ l h ij9 (V Fi X, F ) 

+ H 2 g(V„X, v)-H Ric(X, v) + \H 2 div T X d^i 
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where Ric denotes the Ricci curvature of g, V the connection of g and V 2 the second 
covariant derivative of vector fields with respect to g. There is also a formulation of the 
Euler-Lagrange equation for variations X € W 2 - 2 n W 1 '°°(S 2 , K 3 ) which are not induced 
by a smooth ambient variation. To consider such vector fields, derivatives of X have to 
be calculated with the pull-back V* = F*V of the of the Levi-Civita connection of g. 
This affects only the way in which the the second derivatives are calculated. We obtain 
the following expression: 

5xW(F)= f -H^g{{V*) 2 X,v)-2Ht k gl% jg {V* Fi X,F^ 

- H Ric(X, v) + \H 2 div T X dfi. 

Note that if F is C 4 (S 2 ,R 3 ), we can integrate by parts the terms involving derivaties of 
X and write the variation in a more familiar form: 

S X W{F)= [ g(X,u)(AH + H\A\ 2 + JTRic(i/,i/))d/i. 
Js 2 

4 Direct minimization 

In this section we construct minimizcrs for the Willmore functional subject to a small area 
constraint by direct minimization. We assume that (M, g) is compact without boundary. 

Fix a point p E M. For r < inj(M,g,p) we consider the geodesic spheres S r (p). By [11] 
these surfaces satisfy 

W(S r (p)) =8n-^- Sc(p) + 0(r 3 ). (4.1) 

In particular, for a given e > there exists a constant < a — a (s) such that for 
\S r (p)\ < a we have W(S r ) <8n + e. 

Fix some a G (0, do). We consider a minimizing sequence for W of surfaces with 
|£fc| = a. By comparison with geodesic spheres, we can assume that W(S/s) < 87r + e. 
Thus, in view of Lemma 2.5 there exists a constant C such that 

1/2 

diam(E fc ) < C(a ' + a ) 

for all k. By choosing a small enough, we can ensure that 4diam(Sfe) < inj(M, g) 
uniformly. By compactness of M, by choosing ao small enough, and by passing to a 
sub-sequence if necessary, we can assume that all the are contained in B po / le (p) for 
some suitable p £ M, where p is as in Remark 2.2. We decorate all geometric quantities 
on Efc by the sub-script k, ie. Hk, u^, ■ ■ ■ 

By the Gauss equation, we have 

W(£ fe ) = 87T+/ \A k \ 2 d^i k + G(iy k ,u k )dfi k . 
Js fc Js fc 

By assumption we have W(Sfc) < 8ir + e. Since the curvature of (M,g) is bounded, we 
can estimate the last term by Ca . Thus we obtain the estimate 

\\Ak\\h { v k) <£ + Ca Q . 
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From \A k \ 2 = \A k \ 2 + we also get 

\\A k \\ 2 L 2^ k) < 8TT + 2e + Ca . 

in the following proposition we show that we can pass this sequence to a (weak) limit, 
and that W is lower semi-continuous under this limit. 

Proposition 4.1. Let (M,g) be compact without boundary. Then there exists e > 0, 
depending only on the geometry of M, such that the following holds. If E^ is a sequence 
of immersed surfaces with 

|£ fc |=a<£ and W(E fc ) < 8tt + e (4.2) 

then there exists a family of parametrizations 

F k :S 2 ^ E fc 

such that the F k converge weakly in W 2 ' 2 and weakly-* in W 1,00 to a limiting parametriza- 
tion 

F : S 2 -> E C (M,g) 
such that |E| = a and 

W(E) < liminfW(E fc ). 

k— foo 

Proof. Let (po,ho) be as in Remark 2.2. Using the reasoning prior to the statement of 
this proposition, we can assume without loss of generality, that E^ C B Po (p) for some 
p 6 M. Introducing normal coordinates x : B pa — > B Po (p) we can pull-back the for all 
k and the metric g to B po and g has the form 

9 = 9 E + h 

with h as in Remark 2.2. Assuming that ao is small enough, it is easy to see that 
equation (4.2) implies that T, k satisfies 

W E (T, k ) <8n + 2e 

where W E denotes the Willmore functional computed with respect to the Euclidean 
background metric g E . Via the Gauss equation with respect to the Euclidean background, 
this implies that 

IU'(E fc>9 .) < 2e 

on E. The estimates of DeLellis and Miiller [3, 4] imply that there exist conformal (with 
respect to the Euclidean background) parametrizations F k : S 2 — > E^ which are uniformly 
bounded in W 2 ' 2 (S 2 ,R 3 ) n W 1 '°°(S 2 , M 3 ). Thus there is a subsequence of the F k which 
we relabel to F k , such that for any given 1 < p < oo we have 

'F k ^F weakly in W 2 ' 2 (S 2 ,R 3 , g E ) 

<F k ^F weakly-* in W 1 ' 00 (S 2 ,R 3 , g E ), and (4.3) 
^F k ^F in W^P(S 2 ,m. 3 ,g E ) 

for a function F e W 1 ^ n W 2 ' 2 (S 2 ,R 3 ). Denote E = F(S 2 ), then this convergence 
implies that |E| = limfe^oo |Efe| = a. Proposition 3.1 implies the lower semi- continuity of 
W with respect to the convergence in equation (4.3). □ 
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In the following we show that the limiting parametrization F <G W 2 ' 2 DW 1 ' 00 (S 2 , M) of E 
of the minimizing sequence F k for the Willmore functional is smooth. This follows from 
suitable modifications of a recent result of Kuwert-Mondino-Schygulla [7] on the existence 
of smooth spheres minimizing J E \A\ 2 dp resp. J s (|i?| 2 + 1) dp in Riemannian manifolds 
satisfying suitable curvature conditions and a result of Schygulla [15] on the existence of 
a minimizing Willmore sphere with prescribed isoperimetric ratio in M 3 . Both of these 
results rely on the fundamental existence result (and especially the approximate graphical 
decomposition lemma) of Simon [16]. 

In the following we indicate how to modify the arguments of section 3 in [7] in order to 
handle the present situation. First of all we note that because of the above proposition 
we get that the Radon measures on M 

Vk(E) = / d^s 2 (y) and a k (E) = / \A k \ 2 dp k 

converge weakly to limiting Radon measures p and a. Note that for W < 87r + e the 
monotonicity formula implies that the density of p is one on its support. We have that 

p(E) = / dfi S 2(y) 
Jf- 1 (e) 

is the induced measure of the limiting immersion F : S 2 — > M 3 . 
We define bad points by 

B s = {£ esptH «({£}) ><5 2 } 

and we note that for e (and hence a) small enough B b = 0. This can be seen as follows: 

Assume that B 5 D {pi, . . .,pi} and choose a radius p > such that B p (pi) n B p (pj) = 
for all 1 < i,j < I. Then we have 

87r + e > lim W(E fe ) 
I 

> lim y)W(E fc ,B„(p i ))+W(E fc ,E fc \uUBp(Pi)) 

i=l 

where W(T,,E) = \ J snB |-ff| 2 d/x. Since H e £ 2 (E) we can choose p so small that 
Ei=i B P {Vi)) < \18 2 and hence we get 

8tt + e > W(E) + \18 2 > 8tt + iM 2 , 

which is a contradiction for e small enough. 

Hence we can apply the approximate graphical decomposition lemma (in the form of 
Lemma 3.4 in [7]) in order to conclude that locally spt^ can be written as a multivalued 
graph away from a small set of pimples. 

The key result in order to get the regularity is a power-decay result for the second fun- 
damental form (sec e.g. Lemma 3.6 in [7]). Once we have this estimate, we can follow 
the rest of the argument of [7] in order to conclude that spt/Lt can locally be written as 
C 1 '" (~l W 2 ' 2 graphs. Note that in our case we already ruled out the existence of bad points 
and we also know that the limiting measure p, is coming from the limiting immersion F. 
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After having obtained this preliminary regularity result, we can express W in terms of 
the graph functions and since F is a minimizer of W subject to the area constraint, we 
conclude that graph functions solve the weak Euler-Lagrange equation. Using the differ- 
ence quotient technique as in [16] we finally get that spt^. and hence F are smooth (in 
our case we get an additional lower order term coming from the Lagrange parameter but 
this doesn't affect the very general argument of Simon). 

In order to get the power-decay result for Ak we follow closely the arguments of Lemma 
3.6 in [7] and Lemma 5 in [15]. More precisely we use the same replacement procedures 
for the graph functions Uk on balls of radii 7 G (f?/16, £»/32) as in the above mentioned 
lemmas in order to get a comparison surface Efc which satisfies 

||E fe | - a\< eg 2 . 

Using Lemma 2.8 (note that E& C B p /i & (p) and hence by construction we can assume 
that Sfc C Bp/^p)) we conclude that there exists a surface E' fc with EJJ = a and 



These last two estimates allow us to use T,' k as a comparison sequence to the minimizing 
sequence E^ and once we obtained this fact we can follow the rest of the argument of 
Lemma 3.6 in [7] word by word in order to get the desired power-decay. 

Thus we have proved: 

Theorem 4.2. Let (M,g) be a compact, closed Riemannian manifold. Then there exists a 
constant ao > such that for all a 6 (0, do) there is a smooth surface E that minimizes 
the Willmore functional among all immersed surfaces with area a. 

5 The geometry of critical points 

In this section we consider smooth solutions to the Euler-Lagrange equation of the Will- 
more functional subject to an area constraint, that is surfaces E on which we have 



We show that if the area is small and the Willmore energy is close to that of the Euclidean 
sphere, E is very close to a geodesic sphere. This can be used to conclude via the main 
result in [9], that E is close to a critical point of the scalar curvature. 

Proposition 5.1. Assume that (M,g) has Cs-bounded geometry. Then there exist con- 
stants C < 00 and e > 0, depending only on Cb such that the following holds. If 
E C (M, g) is a connected immersion and: 

1. E satisfies equation (5.1), 




AH + H\A\ 2 +HRic(is, v) + H\ = 0. 



(5.1) 



2. A < e|E| 



-1 



3. W(E) < 8tt + e, and 



I |E| < e. 
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Then E satisfies the following estimate: 

J \V 2 H\ 2 +H 2 \VH\ 2 +H 4 \A\ 2 dn<C. 

For the proof we need the Bochner identity in the following form: 

Lemma 5.2. Let (M, g) be a manifold and E C M a smooth, compact, immersed 2-surface. 
Then for all f G C°°(E) we have that: 

[ |V 2 /| 2 d/x= /(A/) 2 + |V/| 2 (i|i| 2 -iff 2 -iSc + Ric(^^))d M . 
//ere Sc and Ric denote the scalar and Ricci curvature of (M,g). 
Proof. The Bochner identity states that 

/ |V 2 /| 2 d M = f (A/) 2 - s Rc(V/,V/)d M 

where E Rc denotes the intrinsic Ricci curvature of E. Since s Rc(V/, V/) 
we can use the Gauss equation 

± s Sc = i Sc - Ric(zv, v) + ±iJ 4 - i|i| 2 

to infer the claim. 

Proof of Proposition 5.1. By the integrated Gauss equation we have that 

W(E) = 8tt+ f |I| 2 d M + 2 f G(v,u)dn 

so that by the assumptions on the area and W we obtain 
\\Mh<Ce. 

Thus by choosing e small we may later on assume that ||^4||| 2 is as small as we desire. 

Furthermore, since |E| is small, and W is uniformly bounded, in view of lemma 2.5, we 
may also assume that E C B r (p) for some p e M and r < C]^] 1 / 2 . Thus, we can use the 
Michael- Simon- Sobolev inequality as in [9, Lemma 2.3] with a uniform constant on E, 
that is a constant that is at most double the one in Euclidean space, provided e is small 
enough. 

Multiply equation (5.1) by AH and integrate. Integration by parts of the term including 
A and since Ric is bounded, we obtain: 

/ ±(AH) 2 -\\VH\ 2 dn<C f H 2 \A\ A + H 2 dn. 

Thus 

f \{AH) 2 d^< C + elEr 1 f |Vtf| 2 d/x + C f H 2 \A\ 4 dfi. (5.2) 



= | S Sc|V/| 2 

□ 
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By the Bochner identity from Lemma 5.2 we infer the estimate 

f \V 2 H\ 2 + H 2 \VH\ 2 &n < C [ (AH) 2 + (1 + \A\ 2 )\VH\ 2 d/x. (5.3) 
is Je 



'E JE 

The Michael-Simon-Sobolev inequality implies that 



/ |Vff| 2 d M < C|£| / \V 2 H\ 2 + H 2 \VH\ 2 dii. (5.4) 
je is 

Inserting this and equation (5.2) into (5.3) yields 
J \V 2 H\ 2 +H 2 \VH\ 2 dn 

<C + C [ \A\ 2 \VH\ 2 +H 2 \A\ 4 dn 
+ C(|£|+e) J \V 2 H\ 2 + H 2 \VH\ 2 dfi 

Thus, if |S| and e are small enough, we can absorb part of the right hand side of (5.3) to 
the left and infer together with (5.2) that 

f \V 2 H\ 2 + H 2 \VH\ 2 dii< C + C f # 2 |i| 4 + |i| 2 |V#| 2 d M . (5.5) 
Je is 

To proceed, recall the Simons identity, which implies that on an arbitrary immersed 
surface we have 

-A^AAij + \H 2 \A\ 2 = -(A,\7 2 H) + |i| 4 + |i| 2 Ric(^, v) 

-2i«ijRicii-2(i,Vw>. 

Here lo is the one-form uj = Ric(v, - ) T where the superscript T denotes projection to the 
tangential space of S. Multiply (5.6) by H 2 and integrate. Integration by parts and the 
Codazzi equation div A = ^VH + oj yields 



J H 2 \\7A\ 2 + 2H\7 k HA i ^V k A ij + ±H*\A\ 2 dp 

[ (div(iJ 2 I),ViJ + 2uj)dn + C + C [ ff 2 |i| 4 d/x. 
Je is 



(5.7) 



< 

/E 



Estimate 



[ 2HV k HA tl V k A l0 d i i <- [ ff 2 |vi| 2 d/i + 4 f \A\ 2 \VH \ 2 dfi. (5.8) 

o - 

Using the Codazzi equation to infer div A = ^ViJ + oj we calculate further 

J (div(H 2 A),\7H + 2uj)d h i 

= J 2HA(VH,\7H + 2uj) +H 2 (div A,\7H + 2uj)d h i 

= [ 2hA(X7H,\7H + 2uj) + \H 2 \VH + 2w| 2 d^ 
is 

<C + cJ H 2 \X7H\ 2 + \A\ 2 \X7H\ 2 dn. 



(5.9) 
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Combining equations (5.7), (5.8) and (5.9) yields 

H 2 \VA\ 2 + H 4 \A\ 2 dn<C + C f H 2 \VH\ 2 + |I| 2 |Vif | 2 + H 2 \A\ 4 d M . (5.10) 
In view of (5.5) we finally infer 

f \V 2 H\ 2 + \A\ 2 \VH\ 2 + H 2 \VA\ 2 + |yl| 4 |I| 2 d M 

(5.11) 

<C + C / ff 2 |i| 4 + |i| 2 |VF| 2 d M . 
To proceed, we apply the Michael-Simon-Sobolev inequality and estimate 

2 

(5.12) 



J H 2 \A\ 4 dfi < C ^ \VH\\A\ 2 + \H\\A\\VA\ + H 2 \A\ 2 d f i 

<(^J \A\ 2 d^j (^J \A\ 2 \VH\ 2 + H 2 \VA\ 2 + H 4 \A\ 2 d,)j 



This shows that if e and hence ||^4|| 2 2 is small, the first term on the right of equation (5.11) 
can be absorbed to the left. 

The second term on the right of (5.11) requires a little more work. By the Michael-Simon- 
Sobolev inequality we have 

JjA\ 2 \VH\ 2 dn 

<cj \VA\\\7H\ + \A\\V 2 H\ + \H\\A\\VH\d^ (5.13) 

<c(^j \A\ 2 d^j \V 2 H\ 2 + H 2 \VH\ 2 d^j +cj |VA| 2 d^. 

The first term on the right is of the same type as before. To estimate the second integrate 
the Simons identity (5.6) to obtain 

/ |vi| 2 + \B 2 \A\ 2 d M < C|S| + I -{A, V 2 H) - 2(i, Vw> + C\A\ A d/i. (5.14) 

The Michael-Simon-Sobolev inequality implies that 



|ji| 4 d M < |A| 2 d^ (j^vi| 2 +J ff 2 |i| 2 d^. 



so that the last term on the right of (5.14) can be absorbed to the left. Calculate further 
that 



-2 / (i,Vw)d^ = 2 / (divi,o;)d^ 
jt jt 

so that by Young's inequality 

2 f (i,Vw)d/i < \ ( |vi| 2 d M + C f \u)\ 2 dfj,. 
Jt jt is 
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Thus the second term on the right of equation (5.14) can also be absorbed to the left. 
Using Holder's inequality we infer the estimate 

j |vi| 2 d/i<C|£| + C |i| 2 d^ (^J \V 2 H\ 2 d^j. 

o 

Since the Codazzi-equation implies VH = 2 div A — 2uj we furthermore get 

f |viJ| 2 d M < c|e| + c [ ivipd^. 

is Jt. 
Thus the previous equation implies that 

j |V^| 2 d/i< + C \A\ 2 d^(^J \V 2 H\ 2 dp)j. (5.15) 

Substituting this into equation 5.13 yields that 

\A\ 2 \VH\ 2 dn 

<C|E|+c(jE| + J \A\ 2 df?j \V 2 H\ 2 + H 2 \VH\ 2 d t ?j. 

Thus we have shown that all but the constant term on the right of equation (5.5) can be 
absorbed to the left, provided e is small enough. □ 

We wish to complement these estimates by an estimate for A. 

Proposition 5.3. Let [M,g) be a Riemannian manifold with Cs-bounded geometry. Let 
S be a surface satisfying (5.1) for some A G R. Let po be as in Remark 2.2 and assume 
that E C B r (p) for some p e M and < r < po ■ Then we have the estimate 



\\\<c\n- x (W /2 +r /j^| 2 d/i)- 



Proof. The proof is based on the fact that the Willmore functional is scale invariant 
with respect to the Euclidean metric. Note that if E is of Willmore type we have for all 
variations with normal velocity / that 

5/W(E) = X6 f A(T,) 

where A denotes the area functional. This implies that if SfA ^ 0, we can write 
A = SfW/dfA. 

In Euclidean space we can choose / = (x, v) to be the normal velocity corresponding to 
scaling and infer that SfW — whereas SfA = 2|E| so that in combination we get that 
A = 0. 

In the situation as in the statement, this reasoning still works altough with some error 
terms. Let E C B r {p) as in the statement of the proposition. Let x denote the position 
vector field on B Po (p) with respect to normal coordinates on B Po (p). Since = 
Sj + T\ k x k it follows that 

|Vx - Id | < Cr 2 and |V 2 x| < C. (5.16) 



19 



The first step is to estimate the variation of area with respect to a normal variation 
corresponding to scaling in normal coordinates. That is, we use / = (x, v) as a normal 
variation for E. This yields 



SfA(T,)= / H{x,v)dfi= / divsxd/i. 



Since | divs x — 2| < C\x\ 2 by (5.16) and the fact that E C B r (p), we thus find that, 
provided r is small enough, 

5 {x , v) A>\Jl\. (5.17) 

As in the proof of Lemma 2.7 we can estimate that 

1/2 

\5 {XtV) W\ < C\X\V 2 ( jf H 2 d^ + Cr jf |A| 2 d/x. 

In combination with equation (5.17), this yields the claimed estimate for A. □ 

The main result of this section is a straight forward consequence of the combination of 
propositions 5.1 and 5.3: 

Theorem 5.4. Given a Riemannian manifold (M, g) with Cs-bounded geometry there exist 
constants C < oo and e > depending only on Cb such that the following holds. 

Assume that E C (M,g) is a connected immersion that satisfies the following conditions: 

1. E satisfies equation (5.1), 

2. W(E) < 8tt + e, and 

3. |E| < e. 

Then E satisfies the following estimate: 

\V 2 H\ 2 + H 2 \VH\ 2 + H 4 \A\ 2 dn<C 
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Corollary 5.5. Assume E is as in theorem 5.4- Then we have the following estimates: 
||i||i'(E) < C|£| and \\H-2/R\\ L ~ {S) <Cm 1/2 

where R is such that E| = AttR 2 . In particular, if the area o/E is small enough we have 
that H > 0. 

Proof. Apply the Michael-Simon-Sobolev inequality twice, first to estimate iJ 2 |A| 2 and 
second to estimate \A\ 2 . This yields the first estimate. 

To see the second estimate, note that by the estimates of DeLellis and Miiller we have 
that 

||tf-2/i?|| L2(E) <C||i|| L2(E) <C|E|. 
From [9, Lemma 3.7] we infer that in addition 

\\H-2/R\\U {s) <\\H-2/R\\ 2 L2 ^ [ \V 2 H\ 2 + H*\H-2/R\ 2 d^ 

The first term in the integral is estimated by Theorem 5.4 and the second one can be 
absorbed to the left if |S| is small enough. This yields the second estimate. □ 
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Corollary 5.6. Let (M,g) be a compact, closed Riemannian manifold. Let S a be the 
surfaces from Theorem Then, if a is small enough, S a has positive mean curvature. 

For any sequence a-i — > there is a subsequence ay such that T, a ., is asymptotic to a 
geodesic sphere centered at a point p e M where Sc attains its maximum. 

Proof. If a is small enough, we find that Theorem 5.4 applies to S a . Since these curvature 
estimates are all that is needed to carry out the analysis done in [9], we obtain that S a 
is close to a geodesic sphere S r (p). From [9, Theorem 5.1] we obtain the expansion 



W(S n ) - 8^ + ^ sc(p) 



< Ca 3 / 2 . 



Comparing this expansion with the one for geodesic spheres, equation (4.1), we find that 
the point p is a global maximum of the scalar curvature of (M, g). □ 

A Complete surfaces of Willmore type 

In this section we use the methods developed in [5] to classify complete surfaces of Will- 
more type with positive mean curvature in Riemannian manifolds. 

We start by recalling the Gauss equation 

s Sc = Sc -2 Ric(z/, v) + \H 2 - \A\ 2 (A.l) 
and the Euler-Lagrange equation satisfied by surfaces of Willmore type 

AH + H\A\ 2 + HRic(u,v) + XH = 0. (A.2) 

Here A e K is the Lagrange multiplier. Letting / e C^(S) and multiplying (A.2) with 
f 2 H~ x we get after integrating by parts 

/ / 2 (|I| 2 + Ric(z^) + A+|Vlogtf| 2 )d M = 2 / /<V/,Vlogif)dM. 
JE Je 

Using Young's inequality we conclude 

// 2 (|A| 2 + mc(i/,i/) + A)d/i< / |V./fd M . 
je Je 

Replacing the Ricci curvature on the left hand side by inserting (A.l) we finally get the 
following lemma. 

Lemma A.l. Let S be a surface of Willmore type with positive mean curvature. Then we 
have for any f E C\ (S) 

// 2 (i|i| 2 + itf 2 + iSc-i E Sc + A)d M < / |V/| 2 d/x. (A.3) 
Je is 

In particular, if X > — \ Sc we have 

[ f 2 (±\A\ 2 + \H 2 -^Sc)dv< I |V/| 2 d M . (A.4) 
JE Je 
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These inequalities are similar to the stability inequality for minimal surfaces. Indeed they 
allow us to classify surfaces of Willmore type with positive mean curvature. We directly 
get the following corollary: 

Corollary A. 2. Let E C M be a compact surface of Willmore type with positive mean 
curvature and let A > — \ Sc. Then E is a topological sphere. 

Proof. In this situation we can insert / = 1 into (A. 4) and with the help of the Gauss- 
Bonnet theorem we get 

0<£i|i| 2 + |H 2 d M < 4^(1 -<?(£)), (A.5) 

where g(E) is the genus of E. But if E is a torus then we conclude from the above 
inequality that H = which contradicts the assumption of the corollary. This finishes 
the proof. □ 

Lemma A. 3. Let E C M be a non-compact, complete surface of Willmore type with 
positive mean curvature and let X > — | Sc. Then E is either conformally equivalent to 
the plane or to a cylinder. In the latter case E has infinite absolute total curvature. 

Proof. We follow the closely the proof of Theorem 3 in [5]. Assume that the universal 
covering space of E is -Bi(O). Defining q = | S Sc — ^\A\ 2 — jH 2 and using (A. 4) we see 
that we can apply Lemma 1 of [5] and we get a positive solution g on E of the equation 

A.g-i s Scg+(i|i| 2 + iF 2 ).g = 0. 

This solution can be lifted to B\ (0) and by Corollary 3 in [5] this is a contradiction since 
i E Sc = if andi|i| 2 + iiJ 2 >0. 

Hence the covering space of E is C and this shows that E is either a plane or a cylinder. 
If E is a cylinder with finite absolute total curvature, then we can continue arguing as in 
Theorem 3 of [5] and we conclude 

f \A\ 2 + \H 2 d{i < [ s Scd^ < 0. 

This contradicts the assumption H > and finishes the proof of the Lemma. □ 

For M = M 3 and A = we have the following theorem. 

Theorem A. 4. Let E C M 3 be a complete Willmore surface with positive mean curvature. 
Then E is a round sphere. 

Proof. Combining Corollary A. 2 and Lemma A. 3 we conclude that E is either a topological 
sphere or its universal cover is C. If E is a topological sphere we conclude from (A.5) that 

J \A\ 2 + \H 2 d^ < 8tt. 

Since on the other hand J s \H 2 d/i > 87r for all closed surfaces S C R 3 we find that E is 
umbilic and hence a round sphere. 
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Next we rule out the case that the universal cover of E is C. We the Gauss equation (A.l) 
yields that 

\^c=\H--\\A\\ 

Inserting this into (A. 4) we have for every / 6 C*(E) 

[ / 2 |I| 2 o>< f |V./fd M . 

Hence, defining q = — \A\ 2 , we can apply Theorem 1 of [5] and get a positive solution g of 
A 5 +|i| 2 . 9 = 

on £ and by lifting also on C. Hence we have a positive super-harmonic function g on C 

o 

which must be constant. This implies that A = and therefore E is a flat plane, which 
contradicts our assumptions. □ 



References 

[1] M. Bauer and E. Kuwert. Existence of minimizing Willmore surfaces of prescribed 
genus. Int. Math. Res. Not, 2003(10):553-576, 2003. 

[2] J. Chen and Y. Li. Bubble tree of a class of conformal mappings and applications to 
the Willmore functional. ArXiv: 1112.1818, 2011. 

[3] C. De Lellis and S. Muller. Optimal rigidity estimates for nearly umbilical surfaces. 
J. Differential Geom., 69(1):75-110, 2005. 

[4] C. De Lellis and S. Muller. A C° estimate for nearly umbilical surfaces. Calc. Var. 
Partial Differential Equations, 26(3):283-296, 2006. 

[5] D. Fischer- Colbrie and R. Schoen. The structure of complete stable minimal surfaces 
in 3-manifolds of nonnegative scalar curvature. Comm. Pure Appl. Math., 33(2):199- 
211, 1980. 

[6] E. Kuwert and Y. Li. VF 2,2 -conformal immersions of a closed Riemann surface into 
R™. ArXiv: 1007.3967, 2010. 

[7] E. Kuwert, A. Mondino, and J. Schygulla. Existence of immersed spheres minimizing 
curvature functionals in compact 3-manifolds. ArXiv: 1111.4893, 2011. 

[8] E. Kuwert and R. Schatzlc. Minimizers of the Willmore functional under fixed con- 
formal class. ArXiv: 1009.6168, 2010. 

[9] T. Lamm and J. Metzger. Small surfaces of Willmore type in Riemannian manifolds. 
Intl. Math. Res. Not, 2010:3786 3813, 2010. 

[10] T. Lamm, J. Metzger, and F. Schulze. Foliations of asymptotically flat manifolds by 
surfaces of Willmore type. Math. Ann., 350(l):l-78, 2011. 

[11] A. Mondino. Some results about the existence of critical points for the Willmore 
functional. Math. Z., 266(3):583-622, 2010. 



23 



[12] A. Mondino. The Conformal Willmore Functional: a Perturbative Approach. ArXiv: 
10104151, 2010. To appear in J. Geom. Anal. 

[13] T. Riviere. Analysis aspects of Willmore surfaces. Invent. Math., 174(l):l-45, 2008. 

[14] T. Riviere. Variational Principles for immersed Surfaces with i 2 -bounded Second 
Fundamental Form. ArXiv: 1007.2997, 2010. 

[15] J. Schygulla. Willmore Minimizers with Prescribed Isoperimetric Ratio. ArXiv: 
1103.0167, 2011. To appear in Arch. Rational Mech. Anal. 

[16] L. Simon. Existence of surfaces minimizing the Willmore functional. Comm. Anal. 
Geom., l(2):281-326, 1993. 

[17] M. Struwe. Variational methods, volume 34 of Ergebnis.se der Mathematik und ihrer 
Grenzgebiete. 3. Folge. A Series of Modern Surveys in Mathematics [Results in Math- 
ematics and Related Areas. 3rd Series. A Series of Modern Surveys in Mathematics]. 
Springer- Verlag, Berlin, fourth edition, 2008. Applications to nonlinear partial dif- 
ferential equations and Hamiltonian systems. 



24 



